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Abstract-we consider the nonlinear parabolic equation 
ut = (Ic(u)u,), + b(u)r, 
where u = u(z, t), z E R’, t > 0; k(u) 2 0, b(u) 2 0 are continuous functions as u 2 0, b(0) = 0; k, b > 
0 as ‘1~ > 0. At t = 0 nonnegative, continuous and bounded initial value is prescribed. The boundary 
condition ~(0, t) = e(t) is supposed to be unbounded as t 4 +oo. In this paper, sufficient conditions 
for space localization of unbounded boundary perturbations are found. For instance, we show that 
nonlinear equation ut = (unuZ)= + (uo)=,n 2 O,p > n + 1, exhibits the phenomenon of “inner 
boundeclness,” for arbitrary unbounded boundary perturbations. 
Keywords-Nonlinear heat equation, Space localization, Inner boundedness. 
1. INTRODUCTION 
In this paper, we study the asymptotic behavior of solutions of the initial-boundary value problem. 
ut = (~(u)wz), +b(u),, x~R:=[O,oo), tER:, (1.1) 
u(x,O) = uo(x) 2 0, x E R:, u. E C(R;), supuo < 00, (1.2) 
u(0, t) = 9(t) > 0, tER:, e(O) = uo(O), Q E C(R:), (1.3) 
where u = ‘LL(X, t); k(u) 2 0, b(u) 2 0 are continuous functions on the halfspace [0, +oo); b(0) = 0 
and k, b > 0 as u > 0. We shall assume that limt-+oo Q(t) = +co and the growth degree at 
infinity is not restricted. 
Equation (1.1) can be used as a model to describe nonlinear infiltration or evaporation through 
a porous medium, nonlinear heat conduction or diffusion with transfer, population dynamics etc. 
[l-4] An explicit example is the equation 
(l.la) 
where n 2 O,p > 0 are real numbers. 
By solution of problem (l.l)-(1.3), we mean the generalized, nonnegative solution u(x, t) 2 
0, which is continuous together with flux I~(‘L~)u, as x E R:,t E Ri (see [l]). Under some 
assumptions, the problem (l.l)-( 1.3) is known to possess a unique generalized solution, which 
is a classical solution in a neighborhood of any point where it is positive [1,5,6]. The space 
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localization phenomenon and finite speed of perturbations propagation (FSPP) in problems for 
equation (l.l), (l.la) was studied in [5-131. The large-time behavior of solutions of the equations 
(l.la) was studied in [4,12]. For a general study, we refer to the survey article [3], which contains 
an extensive list of references. 
In this paper, we shall establish sufficient conditions for problem (l.l)-( 1.3) to admit the “space 
localization” phenomenon for arbitrary unbounded boundary perturbation. In Section 2, we prove 
that the solution ~(x,t) of the problem (l.l)-(1.3) is “inner bounded,” for every unbounded 
boundary regime, i.e., ~(0, t) + oo as t -+ cc but limsupu(z,t) < co as t --t 00,x > 0 if the 
following condition is fulfilled 
F(u) = O” k(v) S[ I - du<co, b(v) u E (0,oo); F(0) = co. u (1.4 
Applied to equation (l.la), condition (1.4) yields n 2 0, p > n + 1. In Section 3, we prove that 
there is strong localization in the problem (l.l)-(1.3) for every bounded Q, if 
(I-5) 
Applied to equation (l.la), condition (1.8) yeilds n 2 0, 0 < ,6 < n + 1. Finally, in Section 
4, we prove that there is strong localization in the problem (l.l)-(1.3), for every unbounded 
boundary function, if r$(oo) < 00. 
2. INNER BOUNDEDNESS 
THEOREM 2.1. Let (1.4) be valid, and Q(t), t E R: be smooth nonnegative function and there 
exists a S > 0 such that 
0 I UC,(Z) i F-‘(x + 6), x E R:, (2.1) 
where F-l is the inverse of function F. Then the solution u(x, t) of the problem (l.l)-(1.3) is 
inner bounded for all times and 
0 I limsupu(x,t) 5 F-l(x), 2 E (0, co). (2.2) 
PROOF. Consider the equation 
St = (k(g)& - v(t)g, + b(g),, 
where w E C(R:),v(t) > 0 and 
s 
00 
v(t) dt = C, for some C E (0,oo). 
0 
(2.3) 
The equation (2.3) has the following classical solution 
gJx,t) = F-l (C+x+(i)d$, XE R:, 
which is the supersolution of equation (1.1). 
t E R:, 
We can suppose, without loss of generality that Q(t) > 0, Q’(t) > 0 as t E R:. Consider the 
function 
k[Q(t)/ui(t)l Q’(t)ui(t) - u:(t)Q’(t) 
@) = b[\Il(t)/ul(t)] 46) ’ 
tE R;, 
Space Localization 93 
where ul(t) = [@(t)/F-l(l)] exp(-t’). It can be verified that the positive and continuous func- 
tion y(t) satisfies the following conditions 
(2.4a) 
(2.4b) 
Consider the function gc(5,t) and, as C > 0, let v(t) = Cy(t). It follows from (2.4) that there 
exists a tl > 0 such that 
9(t) I F-l (l-W+ for all t > tl. (2.5) 
Let M = maxoct<tl 9(t), CO = min(1, F(M)). It can be verified that 
0 5 Q(t) 5 F-l c ( lrnW+ PER:, (2.6) 
for any C E (O,Co] Indeed, (2.6) follows from (2.5) for t 2 tl and 
0 5 Q(t) 5 M = F-’ F(M) ( brnWT) 5F-1(C~mW+ 0 < c < co, 
for 0 5 t 5 tl. Let Cl = min(C0,6). Fr om (2.1), (2.6), it follows that gc(z, t) is the supersolution 
of problem (l.l)-(1.3) f or every C E (0, Cl). Now the assertions of the theorem follow directly 
from comparison theorems for equation (1.1). This completes the proof of Theorem 2.1. 
COROLLARY 2.1. Let n > 0,0 3 /? - n - 1; XD be smooth, nonnegative function and there exists 
a 6 > 0 such that 
0 < uo(2) I [0(X + 6)1-Y 
Then the solution ~(2, t) of the problem (l.la)-(1.3) is inner bounded for all times and 
0 5 limsupu(5, t) 5 (O2)-‘/e, 
t-m 
2 E (0,cm). 
Note that condition b(0) = 0 has no essential importance, since b(u) can be changed to the new 
function bl(u) = b(u) - b(0). If b(u) > b(O) > 0, asu>O,thenbl(u)>Oasu>Oandb1(0)=0. 
However, in this case, the condition F(u) < 00 is valid for u = 0, and hence, Theorem 2.1 is not 
applicable. In this case, the following theorem can be used. 
THEOREM 2.2. Let b(u) > b(0) > 0 and the following condition be fulfilled 
FI(u) = s M k(vWrl b(v) - b(O) < co7 u E (&co); Fl(0) = co. IL 
Let u(x,t) be the generalized solution of problem (l.l)-(1.3), w h ere Q(t) and uo(~) satisfy the 
same conditions as in the Theorem 2.1, with F-’ replaced by Fcl. Then the solution u(x, t) of 
the problem (l.l)-(1.3) is innerbounded for all times and lim sup+, U(Z, t) satisfies and estimate 
(2.2), with F-l replaced by FT1. 
For instance, consider the semilinear equation ut = u,, + (expu),. Since F(0) < 00, Con- 
dition (1.4) is not valid. However, FI(u) = u - ln[exp(u) - l] < 0;) as u > 0, Fl(O) = 03 and 
Theorem 2.2 is applicable. 
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Let us apply the Theorem 2.1 to semilinear equation 
ut = u,, + (shu),. (2.7) 
COROLLARY 3.2. Let Q(t) be arbitrary smooth, nonnegative function and let there exist a 6 > 0 
such that 0 5 us(x) I lncth [(x + S)/2] ,x E Ri. 
Then, the solution u(x,t) of the problem (2.7), (1.2), (1.3) is innerbounded for all times and 
0 I limsupu(x,t) < In cth f 
t+cn 0 
REMARK. By choosing 6 > 0 from (2.1) small enough, the initial function uo(x) can be great 
enough in some neighborhood of x = 0. However, “inner boundedness” does not depend on this 
fact. Therefore, there are reasons to believe that inner boundedness phenomenon exists for every 
bounded initial function ‘1~0 (x). 
3. STRONG LOCALIZATION 
THEOREM 3.1. Let 9(t) 2 0, t E Ri be arbitrary unbounded function, ug(x) 2 0 be continuous 
function and there exists a xt < KI such that IQ(X) = 0, as x L x*. Then (1.5) is sufficient for 
FSPP in problem (l.l)-(1.3). If suptZo 9(t) < cm, then there is strong localization of bounded 
perturbations in Ri X Ri . 
The proof of Theorem 3.1 follows from the properties of the following generalized supersolution 
of the problem (l.l)-(1.3) 
sc(x, t) = 4-l (b+j$&-xl,). x:R:, tER:, (3.1) 
where [Xl, = (K, if X 2 0; 0, if X < O),d-1(p), 0 5 p < co is the inverse function of 4(u), 
w E C(R;), w(t) > 0, c E (O,oo). 
COROLLARY 3.1, Let n 2 0, 0 < ,8 < n + 1. Then both assertions of Theorem 3.1 are valid for 
problem (l.la)-(1.3). 
THEOREM 3.2. Let @(co) < co; Q(t) 2 0, t E R: be arbitrary unbounded functions, ug(x) L 0, 
uo E C(R:), and there exists a 6 E (0,x*),x, = 4(oo) such that 
0 < uo(x) I@-‘([6 - xl+), xcR:, (3.2) 
Then there is strong localization in the problem (1.1)-(1.3): u(x, t) = 0 when x 2 x*, t E R:. 
The solution u(x, t) is inner bounded for all times and 
0 5 limsupu(x,t) I4-‘([x* -xl+), 
t->ca 
x E R:. 
PROOF. Let Ql(t) 2 9(t) be an arbitrary function and Ql(O) = 4-l(6) 2 9(O), Q;(t) > 0, t 1 0. 
Consider the function v(t) = (k[Ql(t)]/b[\kl(t)])Q’,(t) for which 
s t W(T) dr + 6 = s ot &40’1(7)) d7 + 6 = $(*1(t)), t E R:. 0 
Since +6-l(~), 0 < p < x*, is a strictly monotonic increasing function, it follows that 
O< q(t) 5 Ql(t) =r~S-‘(/-~v(r)d7+6). 
0 
Thus, ga(x, t) is the generalized supersolution of the problem (l.l)-(1.3). The assertions of 
the theorem follow from comparison theorem for equation (1.1). This completes the proof of 
Theorem 3.2. 
For instance, consider the semilinear equation ut = uZZ +b(u),. Some b(u) are listed in Table 1, 
for which 4(co) < 00. 
Space Localization 
Table 1. P - gamma function, C - Euler constant. 
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b(u) 
un exp[(ru)m], 0 < n < 1; m, r > 0 
u’-n(l + u)nfm, 0 < 12 < 1, m > 0 
[r(n)r(m)l 
ryn + m) 
ulen(l +um),O < n < min(l;m) 
7r 
[m sin(7rn/m)] 
exp(u’) [(C + 21n 2)2 + 7r2/2]a*/2 
ln2 u 8 
We remark that sufficient conditions for space localization of unbounded boundary perturba- 
tions for the nonlinear heat equation with absorption have been established in [14,15]. 
REMARK 3.1. All results of this paper remain valid if we replace everywhere t = co by t = T < CO 
and Q 2 0 is the arbitrary peak boundary regime: Q(t) -+ CO as t -+ T < CO. 
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